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ABSTRACT Let A^ be a complete Riemannian manifold with Ricci curvature bounded be- 
low and Laplace operator A. The paper develops a functional calculus for the cosine family 
cos (t a/A) which is associated with waves that travel at unit speed. If / is holomorphic on 



> 

00 

oo 

^ I a Venturi shaped region, and z'^ f{z) is bounded for some positive integer /c, then /(vA) 



defines a bounded linear operator on L^[M.) for some p > 2. For Jacobi hypergroups with 
invariant measure m the generalized Fourier transform of / G L^(to) gives / G H^^CE^) 
for some strip "E^. Hence one defines f{A) for operators A in some Banach space that 
j_| ! have a H°°{T,^) functional calculus. The paper introduces an operational calculus for the 

' ' ' Mehler-Fock transform of order zero. By transference methods, one defines f{A) when / 

is a s-Marcinkiewicz multiplier and e**"^ is a strongly continuous operator group on a L^ 
space for |l/2 — l/p\ < 1/s. 

1. Introduction 

This paper develops a functional calculus for groups generated by differential opera- 
tors which have finite propagation speed, in the following sense. Let A^ be a complete 
Riemannian manifold of dimension n with volume measure fu, and metric p, and sup- 
pose that A^ has Ricci curvature bounded below by —K{n — 1) so that a geodesic ball 
B{xo; r) = {x E Ai : p{x, Xq) < r} has volume m{r) = fx{B{xo; r)) such that m{r) < Ce'^ ^ 

1 



for some C, k' > and all r > and xq G A^; see [8]. Let A be the Laplace-Beltrami op- 
erator, so that A is essentially self-adjoint on C^(A^) in L^(A^; fi) by Chernoff's theorem 
[10], and the cosine family cos(^v^) gives a bounded and strongly continuous family of 
operators on L^(A^; fx). In cases of interest, the spectrum of A as an operator in L^(A^; fx) 
will be contained in [uq, oo) for some < wq < k' /2. The spectral theorem then allows 
us to define first vA as a positive operator and then f{^/A) as a bounded linear operator 
on L'^{Ai;fx) for continuous and bounded complex functions / on the L^ spectrum. It 
is of interest to determine classes of complex functions / such that /(vA) also defines a 
bounded linear operator on L'^[M.; ^). We are particularly concerned with the functional 
calculus associated with the fundamental formula 

f{VA) = — / J^fiO cos(^v^) dC (1.1) 

which is defined for even functions / G C^(R) in terms of the Fourier transform J^f{^) = 
JT /(x)e~*^^ dx. Then cos{^\/A)6j;g gives a wave emanating from xq & M that travels at 
unit speed across Ai with respect to the geodesic distance as in [9] page 297. This enables 
us to use the notion of finite propagation speed to deal with the exponential growth of the 
volume of geodesic balls and thus obtain a functional calculus suitable for this context. 

On L'^(A^), the spectrum of A will typically depend upon u [28], and the cosine 
family cos(^vA) does not generally give a family of bounded operators on L'^{Ai) for 
2 < u < oo. To address these issues, we introduce a family of Riesz-Liouville fractional 
integration operators VF^ and work with 

WJcostVA) = —-- (cosht-coshs)"'~'^smhscos(sVA)ds (a,t>0), (1.2) 

r(a) Jo 

and develop a functional calculus which can accommodate fractional integrals are of expo- 
nential growth. Thus we pursue ideas used in [14] in the case of hyperbolic space. 

The key idea is to work with holomorphic functions on Venturi regions. For < ^ < tt, 
we introduce the open sector Sg = {z E C\ {0} : | arg^l < 9} and its refiection —Sq = 
{z : —z G Sg}. For a; > we let E^ denote the strip {z : \Qz\ < u}. Then 

Ve,^ = S^ U S", U i-S^s) (1.3) 

defines a Venturi region. Note that for all s > 0, the dilatation z \-^ sz takes V^^^ — )> V^,stj- 
For any domain O, let i7°°(0) be the space of bounded analytic functions / : O — ?> C 
with the norm ||/||oo = sup^^f^ l/l-^)!; ^^ ^^^o use the topology r associated with uniform 
convergence on compact subsets. Furthermore, for /c > 0, let H°°'^(Q) be the subspace 



{z e if-(O) : z'^fiz) e H^{n)} with the norm ||/|U,fc = sup^^^ \f{z)\+snp^^^ \z''f{z)\. 
When O is symmetrical with respect to reflection z ^ —z, the subscript e wiU be used to 
denotes the subspace of even functions, as in if^(O). 

Definition 1.1. (Functional calculus) Throughout this paper, E denotes a complex and 
separable Banach space and B{E) the space of bounded linear operators on E. 

(i) A functional calculus consists of a locally convex topological algebra A with the 
Mackey topology r and a homomorphism T : A^ B{E) that is continuous from r to the 
strong operator topology. 

(ii) The functional calculus is associated with the region O if the formal inclusion map 
i : A ^ H°^ (O) is injective and continuous from r to the topology of uniform convergence 
on compact subsets of O. 

A densely deflned and closed linear operator A in i? is said to have an H'^ functional 
calculus on O if there is a bounded linear homomorphism T : H^{Q) — ?> B{E) given by 
Tf = f{A); see [13]. Our main results relate to the case of O = Vg^^ for some < 9 < 7r/2 
and a; > which have the following property. 

(iii) The formal inclusion map ik '■ H^'^{V0^i^) — ?■ ^ is continuous from the norm 
topology to r for some /c G N. 

In section 2 we consider a commutative convolution operation * on L^{m) and a 
generalized Fourier transform /(A) for / G L^{m) with the following property. The space 
of bounded characters on (L^{m), *) is parameterized by A G E^, and A = {f : f E L^{'m)} 
satisfies (ii) with O = E^. In this context, (ii) is related to the Kunze-Stein phenomenon, 
as in Proposition 2.1 below. Let 7 > 1/2 and ojq > 0, and suppose that: 

(i) m{x) = x'^'^~^^q{x) where q G C^(R) is even and positive, and such that 
m{x)/x'^^+^ -^ q{0) > as X ^ 0+; 

(ii) m{x) increases to infinity as x — )> 00, and m'{x)/m{x) — )> 2ci;o as x — )■ 00; 

(iii) Q{x) is positive and integrable over (0, 00), where 

«w4(^)'-i(^)^-^(^)--^- <-) 

Then we introduce the solutions of 

-cP'iix) - ^^<P'^{x) = {X' + uDMx); <^a(0) = 1, <P'x{0)=0. (1.5) 

m{x) 

The functions A i-)- (t>\{x) are entire and belong to if°°(E^y). Moreover, a Laplace rep- 
resentation expresses (/)\{x) = fi^^-i cos{Xt)Tj:{dt) for some bounded positive measure r^ 



on [—X, x\, as we review in Lemma 2.3. The generalized Fourier transform associated with 
the differential equation is 

/•CXD 

/(A)=/ (t)x{x)f{x)m{x)dx {feL\m)), (1.6) 



^0 

and each /(A) belongs to H^{'E^^^^). Such expressions arise frequently in the classical 
theory of integral transforms, where (p\{x) is a standard special function; see [27]. 

Transference methods involve comparing the functional calculus for a general class 
of operator groups from the functional calculus associated with a particular group, see 
[11]. We develop a functional calculus / i— )> /(^) with a suitable operator A in a Banach 
space E, and develop an analogue of transference in which our model family of operators is 
cos(t\/L), where L is the differential operator in C^(0, oo) given by Lf = —f" — m' f /m 
with m as above. 

Let (cos(tA))tgR be a cosine family on E such that t H- cos(tA)^ is continuous on R 
for all C E E; then there exist k, a; > such that || cos{tA)\\B(E) ^ Kcosh(a;t) for all t G R. 
Suppose that < uiq and oj < ojq. Then in section 2 we use the Laplace representation to 
define (/)a{x) = f,^ , cos{tA)Tjc{dt), and hence define 

/■oo 

TA{f) = f{A)= f{x)<PA{x)m{x)dx UeL\m)). (1.7) 

Theorem 2.5 provides conditions under which f{A) is bounded, and thus gives an opera- 
tional calculus Ta '■ L^{m) — ?■ B{E) for various classical integral transforms. 

In section 3, we introduce hypergroups on [0, oo) with specially chosen invariant mea- 
sures. Let ma,,i3{x) = 2^*^"+^+^^ sinh^""*"^ xcosh^'^"'"^^, and let L^^is be the differential 
operators 

dx'^ mo!,i3{x) dx' 

which were considered by Trimeche and Chebli [29]. We are particularly interested in 
the cases where either /3 = —1/2 and 2q; + 1 G N; or a = —1/2 and 2/3 + 1 G N; 
these were previously considered by Mehler and Jacobi [24]. We show that cos{t^yL^) 
on L^((0, oo)]mct,i3) is a model for general classes of cosine families (cos(tA)) on suitable 
Banach spaces. In particular, we obtain a functional calculus related to the Mehler-Fock 
transform of order zero, as in [27] page 290. Gigante also considered a form of transference 
in this context [16]. 

Then we introduce geometrical examples. Let A^ be a complete Riemannian manifold 
of dimension n with bounded geometry and Ricci curvature bounded below by —{n — 1)k. 



Fixing some q E Ai, we can consider the Riemannian distance x = p{p,q) to a variable 
p E Ai as the radius in a system of polar coordinates, and seek to apply the results of 
section 3 to 'm{x) = n{B{p;x)). For hyperbolic space "H", we can carry this out explicitly 
and (1.5) emerges as an associated Legendre equation. In this example, the volume satisfies 
IJ,{B{p;x))/e^^'^~^^ — 7> c^ as a; — )> oo for some c^ > 0, and "H"" acts as a model for more 
general manifolds in which the volume grows exponentially with the radius. 

In section 5 we show that for A the Laplace operator 'H'^'^^ the operators 
W,^/2{cost^/A) are bounded on L^ and ||VF;^/2(cost-\/A)||B(L'-) < k(z/, r) sinh'^ t for z^/(z/ — 
1) < r < oo. 

In section 6, we use a transference theorem for Marcinkiewicz multipliers and un- 
bounded strongly continuous groups of operators to obtain a functional calculus for Laplace 
operators A on L^ spaces. The intended applications of this paper are to unbounded 
groups, since a wide range of transference results are already available for bounded groups. 

2. Necessary and sufficient conditions for a functional calculus 

Our aim in this section to to prove a converse of Haase's form of the transference the- 
orem for bounded groups of operators [18]. This is closely related to the Kunze-Stein 
phenomenon [11]. The close connection between specific examples and general theorems is 
evident from the special functions that appear in the proof of [18, Corollary 4.3] and the 
proof below. 

Proposition 2.1. Let f G -^^(R; C;dx) be an even function with the foUowing property. 
If E any complex Banach space and cos{tA) any strongly continuous cosine family on 
E such that \\ cos{At)\\B{E) < i^e'^ol*! for all t G R, for some K >l and < wq < 1, then 
the limit 

r^ - dt 

T(/)= lim / /(t)cos(At)- (2.1) 

exists in the strong operator topology and defines a bounded operator on E. 
Then f belongs to H^{T.^) for aUO <uj Kuq. 

The proof requires some tools from the theory of harmonic analysis on hypergroups. 
We shall only require a rather special case which we shall now briefiy summarise. A full 
account may be found in [4] or [22]. 

Let X denote the half-line [0, oo), and Cc{^) the space of compactly supported con- 
tinuous functions / : X — )■ C. The set M^(X) of bounded Radon measures on X with 
the weak topology forms a complex vector space. When equipped with a suitable asso- 
ciative multiplication or 'generalized convolution' operation * on M^(X.) this convolution 
measure algebra is called a hypergroup or 'convo'. We shall usually denote this as (X, *) 



although one needs to remember that the operations are defined on M^(X) rather than 
the underlying base space X. 

Denote the Dirac point mass at x hy 5x E M^(X.). It is a hypergroup axiom that for 
all a;, 2/ G X, (J^; * Sy is a compactly supported probability measure. The action of * in a 
hypergroup is in fact completely determined by the convolutions dn^ * ^y When the base 
space is X = [0, oo), the convolution * is necessarily commutative and Sq is a multiplicative 
identity element (see [4, Section 3.4]). 

For a: G X, the left translation operator T^ is defined, initially on Cc{^) by 

T^f{y)= I f{t){S.*6y){dt) (x,yGX). 

Since * is commutative, there exists an essentially unique nontrivial positive invariant 
measure /Ux on [0, oo) satisfying 

/ T-fiy) ^x(rfy) = / f{y) Mdy) (x G X). 
^x ^x 

for all / G Cc(^)] see [4, Section 1.3]. In the cases of interest to us, iJL^{dx) = m{x) dx for 
some locally integrable and positive function m. 

For a continuous (^ : X — )■ C and x, y G X, we shall write (^(x * y) for the quantity 
J^ (j){t) {5x * dy){dt). The function (j) is said to be multiplicative if (/){x * y) = (/){x)(/){y) for 
all X, y G X. A character on X is a real-valued bounded multiplicative function on X, and 
X denotes the set of all characters. We shall use the following example in the proof of 
Proposition 2.2. 

Example 2.2 Zeuner [30] considered the cosh hypergroup Z on [0, oo) with the convolution 

cosh(x — y) cosh(x + v) ^ 

^ 2 cosh X cosh y '^ ^' 2 cosh X cosh y ^ ^' ' ~ 

for which the invariant measure is cosh x dx. Zeuner [30] shows that Z does not arise as the 
double coset space Gj jK of a locally compact group G with maximal compact subgroup 
K. Likewise, Z does not come under the scope of the pseudo-Riemannian symmetric spaces 
which Flemsted- Jensen considers in [15]. A small calculation shows that for every A G C 
the function 

<^a(x) = ^^ {x > 0), (2.3) 

cosh a; 

6 



is multiplicative in the above sense, and that (l)\ is bounded if IQ'AI < 1. These multi- 
plicative functions arise as eigenfunctions of a differential operator. In this case L(f)\ = 
(1 + X'^)(/)\ where L is the differential operator 

Lf{x) = -f"{x) - 2{tanhx)f'{x) (2.4) 

acting in L^ ( [0, oo) , cosh xdx). 

The character space X is always sufficiently large in our context to enable one to do 
harmonic analysis. We can define the Fourier transform of / G -^^(X; m) by setting 



f{4')= / f{x)(p{x)m{x) dx, ((/) G X). 

By a theorem of Levitan [22], there exists a unique Plancherel measure ttq supported on 
a closed subset S of X such that / i— )■ / for / G L'^{m) fl L^{m) extends to a unitary 
isomorphism L'^{m) — )■ L^(7ro). By [4, Theorem 2.3.19], there exists a unique positive 
character (J)q G S, and (J)q can be different from the trivial character I. In many cases, 
indeed all the cases that we wish to consider, the space of multiplicative functions can be 
parametrized by a domain in C, the ^\{x) are holomorphic functions of A, and X can 
be identified with unions of line segments in C. Indeed, for Sturm-Liouville hypergroups, 
^\{x) are eigenfunctions of a differential operator and A is a spectral parameter as in [4] 
and [29]. 

Lemma 2.3. Suppose that the multiphcative functions {(/)\}xec for the hypergroup (X, *) 
satisfy the foUowing conditions: 

(i) A I— 7- (/)x{x) is entire and of exponential type, with 

x^hmsupi^^^liM; (2.5) 

(a) t I— 7- ^t(x) is real-valued and even on R, with (t)o{x) < 1; 

(Hi) t I— 7- (j)t{x) is positive definite on R. 
Then (^t ^ X for all t & H and there exists a positive Radon measure Tx on [—x,x] such 
that Tx{\—x,x\) = (/)o{x) and 

4>x{x) = f cos{Xt)Tx{dt). (2.6) 

J —X 

Proof. For each h > 0, the function 

,^, sin(/iA) , , , ,, _,, 

9h{X) = ^^ M^). (AgC) 



is entire and of exponential type and 

h + X = hinsvLp j— . (2.7) 

s— >±oo l^l 

By (iii) / is bounded on R and so the function t H- gh{t) is in L^(R). Hence by the 
Paley- Wiener theorem 

/x-\-h 
cos{Xt)T^it)dt (2.8) 

-x — h 

for some r^ G L'^[—x — h,x + h]. From (iii), we deduce that r^(t) > 0, and 

/x-\-h 
r^{t)dt. (2.9) 

-x—h 

We can therefore introduce Tx{dt) as the weak* hmit of the measures T^{t) dt, and obtain 
the representation (2.6) since gh{X) — ^ <PxW uniformly on compact sets as /i — )■ 0+. 

Definition 2.4. A hypergroup (X, *) is said to have a Laplace representation if every 
character (px in the support of the Plancherel measure has a representation of the form 
(2.6). Given a strongly continuous cosine family (cos(iA))t£R on E, we define a family of 
bounded linear operators on E by the strong operator convergent integral 

(f)A{x)= I cos{At) T^{dt) {x>0). (2.10) 

J [—x,x] 

Theorem 2.5 Suppose that there exist Mq^uq > such that 

cosh{uujo)r^{du) < Mq {x > 0). (2.11) 



This holds in particular when (pi^^ is the trivial character. 

(i) Then (j)x{x) is a bounded multiplicative function on (X, *) for all A G E^g, and the 
Fourier transform f i— )■ /(A) is bounded L^{m,) — > if°°(E^g). 

(a) Suppose furthermore that (po £ L'^{rn) for some 2 < q < oo. Then (pt+is G L'^{m) 
for p = quo/iuQ — \s\) and \s\ < uq. 

(iii) Suppose that 

\\cos{tA)\\B(E) <^icosh{tuJo) {t > 0) (2.12) 

and that f,g E L^{'m). Then ((^a(2;))x>o Is a bounded family of operators and 

/•oo 

TAif) = / f{x)(l)A{x)m{x)dx (2.13) 



deGnes a bounded linear operator on E, and T^^f * g) = TA{f)TA{g) ■ 

(iv) Suppose in particular that A has a bounded H°° functional calculus on E^^ . Then 
TA{f) deGnes a bounded linear operator on E for all f G L^{'m). 

Proof, (i) From the identity (2.6), we have 

\(pt+is{x)\ < / cosh{su)Tj:{du) (|s|<a;o) (2-14) 



so (j)t+is is bounded; so (j)t+is G X if either t G R and s = 0, or t = and s G 
[—Wo, Wo]. The identity (/)x{x * y) = (/)\{x)(/)\{y) follows from analytic continuation, and 
/ f{x)(j)\{x)m{x) dx is holomorphic on the strip {A : \'^\\ < wq}, and bounded by 
Mo / \f{x)\m{x) dx. Thus X = R U [— zwq, zwo], and in the particular case in which (/j^^q is 
the trivial character, we can take Mq = 1. 

(ii) For |s| < ojq, by Holder's inequality, we have 

\<Pt+rsix)\ < ( / cosh{ojou)r^idu)) </>o(a;)('^o-l^l)/'^o (2.15) 



and one can deduce that (j)t+is belongs to LP{m). 

(iii) We observe that by convexity (/)a{x) defines a bounded linear operator on E, and 
||'/'/i(3^)||b(s) < kMq. By the addition rule for the cosine family, the identity (/)a{x * y) = 
(j)A{x)(/)A{y) is unambiguous. We also have 



CO POO 



(/)\{x*y)f{x)g{y)m{x)m{y)dxdy= / (j)x{z){f * g){z)m{z) dz (2.16) 

by a standard identity for the convolution, so / i— )> TA{f) is multiplicative. 

(iv) We observe that A i— )> (px{x) is in H°^{'E^^^), with uniform bounds on the norm for 
X > 0. Hence we can define (/)a{x) G B{E) such that ||(/>A(a^)||B(_E) < C{E) sup{\(/)\{x)\ : 
A G T^wo} independent of x > 0. By integrating (2.9), we obtain Ta^J) G B(E). 

Proof of Proposition 2.1. The cosh hypergroup Z on [0, oo) has the multiplicative 
functions 

^^W = ^- i^^C.s>0) (2.17) 

which are bounded for |9=A| < 1; whereas the Plancherel measure {2/7r)dX is supported on 
S = {(p\ : A G [0, oo)}, which contains (po, but not the trivial character. Observe that Z is a 
Laplace hypergroup for r^ = (d^ +5-x)/(2coshx). If / G L^(cosh xdx) and (cos(tyl))tgR 
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is a strongly continuous cosine family such that || cos(tA)||5(£;) < Kcosht for all t > 0, 
then by Theorem 2.3 

/•OO 

T^(/) = / cos(tA)/(t)cosht(it (2.18) 

Jo 

defines a bounded linear operator on E. In particular, we consider the differential operator 

L given by 

Lf = -f"{s)-2{t8.nhs)f'{s) (2.19) 

is symmetric and bounded below on L^(cosh sds), and L(p\ = (A^ + l)(p\. Let A be the 
positive and self-adjoint operator such that A^ = L — I; then 

cositA) his) = h{s + t)cosHs + r) + Hs-t)cosHs-t)^ ^^.20) 



as one can verify by solving the initial value problem (^ + L — I)u{s, t) = 0, with initial 



?2 
conditions {du/dt){s, 0) = 0, and w(s, 0) = h{s). We deduce that for p > 2, cos(tA) defines 

2 



a bounded operator on E = LP(cosh sds) and 

||cos(tA)||B(B) <Cp(cosht)(P-2)/P (t>0). (2.21) 

Suppose that TA{f) = J^ f{0 cos(^A) d^ defines a bounded linear operator on 
LP(cosh s ds) for some p > 2 so we are in the context of the Proposition. Then / extends 
to define a bounded and holomorphic function on E(p_2)/p. Observe that i^xis) belongs 
to LP(cosh sds) for \^X\ < {p — 2)/p and that 



^^(/)¥'A = ^y" hO^os^Xd^^xis). (2.22) 



By Morera's theorem, A h-)- TA{f)'^\ defines a holomorphic function on S(p_2)/2 and hence 
TA{f)'^x{s)/(^x{s) is holomorphic on 'S(p-2)/2 since the quotient is independent of s. We 
deduce that /(A) = /_ /(^) cos^A(i^/27r extends to define a holomorphic function on 
S(p-2)/2 which is bounded by ||Ta(/)||. 

Remarks 2.6 (i) An example in [13] and [7] shows that for each p ^ 2 and < ^ < tt, 
there exists / G H'^iT^o) that is not a bounded Fourier multiplier on Lp(R; dx). 

(ii) Hytonen, Mcintosh and Portal [19] develop a functional calculus for second order 
differential operators L on R" and give sufficient conditions on A{x) G MTj,xn(-^°°(R"; C)) 
for Lf = — divA(x)V/ to have a bounded ilf°°(V^^o) functional calculus. 

10 



Examples 2.7 (i) Suppose that —iA generates a Cq semigroup on Hilbert space H such 
that We-'^'^W B(H) < Me^^i* for all t > 0, for some M.ui > 0. Then by Corollary 5.1 of 
[17], A has a bounded if°°(E^(,) functional calculus on H for all uiq > uii. 

3. Representations of hypergroups arising from second order differential oper- 
ators on the positive axis 

In this section we focus upon second order differential operators L on [0, oo), and the 
solutions of L(j)\{x) = {uq + X'^)(/)\{x), where A i— )■ (t>\{x) is the cosine transform of a 
bounded positive measure on [— x, x]. We consider the operator a/L — UqI and the cosine 
family that it generates, and use it to form a functional calculus. In this paper, we are 
mainly concerned with cases in which uq > 0. The following is a variant of results of 
Chebli and Trimeche [29]. 

Lemma 3.1 Let 7 > 1/2 and ojq > 0, and suppose that: 

(i) m{x) = x'^'^~^^q{x) where q G C^(R) is even, positive and such that m{x) / x"^^^^ — )■ 
q(0) > as X -> 0+; 

(a) m{x) increases to inhnity as x — )■ 00, and m'{x)/m{x) — )■ 2uq as x ^ 00; 

(Hi) Q{x) is positive and integrable over (0, 00), where 

Then there exists a hypergroup on [0, 00) such that the solutions of 

such that ^p\{0) = 1, and v'a(O) ~ for A > are characters, and A 1— )■ ^px{x) is even and 
positive definite on R. 



Proof. Let (px{x) = ■iIj\{x)/ yrn{x). Then tpx satisfies 

We let J^ be Bessel's function of the first kind of order 7 and introduce the function 

jx{x) = A-xV^2V,(Ax) = y^Tl^,^^'"'';, r fl - '^Y^^^ds, (3.4) 

■' ^ ' ^^ ' r(i/2)r(7 + i/2)y_,v x^) ^x^ - s2 ^ ' 



so that A I— 7> 3\{x) is positive definite for x > and A G R, A 1— )> 3\{x) is entire and of 

exponential type and 

472 - 1 
-j\{x) H T^^^^'y^) = ^'^h{x). (3.5) 
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Note that Q{x) is even and continuous on R. We then introduce p\{x) as the solution of 
the integral equation 

p,(,) = £ ^i"M^-i') Q(,)j,(,) ,, + £ fmA(prt ^^^_^j ^ ^)p.(y) *. (3.6) 

The function jx belongs to the space 

E^ = {f eC\0,l) :t-'^-i/2|/(t)| <Mo andt-^+i/2|f (t)| < Mi for some Mq , Mi } , 

(3.7) 
and the operator 

,.:;(,0^£!iil^(p^(Qte) + ^)/(,)<i, (3.8) 

is bounded on E^ since 

i^^r-^(^-)^i^fefi^- (-) 

Hence p\ may be expressed as a Volterra series, and gives a solution such that A h- )■ Pa(3^) 
is positive definite since Q{y) > and 7 > 1/2. From the integral equation we deduce that 



47^-1 



-p'iix) + Q{x){jx{x) + px{x)) + '^^^ px{x) = ypx{x), (3.10) 

and hence '^x{,x) = jx{x) + px{x) satisfies the differential equation (3.3), so (/)x{x) = 
m{x)~^''^ipx{x) is even and satisfies (3.2); multiplying by a suitable constant, we can 
ensure that (/>a(0) = 1. By Sturm's oscillation theorem, (poix) has no zeros on (0, 00) 
whereas fxix) has infinitely many zeros on (0, 00) for all A > 0. 

Theorem 3.2 Suppose that m is as in Lemma 3.1 with wq > 0. 

(i) Then there exists a commutative hypergroup (X, *) on [0, 00) such that (j)x is a 
bounded multiphcative function on (X,*) for all A G S^^, and the Fourier transform 
f ^ /(A) is bounded L\m) ^ if°°(E^J. 

(a) (px £ LP{m,) for all 2 < p < 00 and A G E^^. 

(Hi) Suppose that (cos(tA))t£R is a strongly continuous cosine family on E such that 

II cos{tA)\\B(E) ^ Kcosh(a;o^) (^ ^ R-) (3-11) 

and some k < 00. Then {(/)a{x))j:>o as in (2.10) gives a bounded family of linear operators 
on E, and T^if) = /q f {x)(j)A{x)m{x)dx as in (2.13) defines a bounded linear operator 
on E such that TaU * 9) = TA{f)TA{g) for ah f,ge L^m). 
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Proof, (i) By Lemma 3.1, there exists such a hypergroup, and the multiphcative functions 
on the hypergroup have a Laplace representation. Indeed, the function A t-)- f^xix) is 
entire, and by Lemma 3.1, there exists a family of positive measures such that fx{x) = 
Jl cos{Xt)Tj:{dt). In particular, A = ±iuo gives the trivial character. 

(ii) Suppose now that ojq > 0. From the solution of the integral equation, one obtains 
a bound ipx{x) = 0(e^^) as x — )> oo where rj = \^X\, and hence (p\ = 0(e*-^~^°-*^) as 
x — 7> oo. By Lemma 3.1, Lp\ is a bounded multiplicative function for |Q=A| < wq, and 
Lpx G LP{m{x)dx) for |Q=A| < {j> — 2)uo/p and 2 < p < oo. 

(iii) Thus all the hypotheses of Theorem 2.5 apply. 

Definition 3.3 (i) Legendre's functions are defined by 

M^) = i?S'_°li/2^(coshx) = ^ r -^=4^^^^=^dy (A G C); (3.12) 



''iA-(l/2)^ 



TTa 



^/2 J -X Vcosh X — cosh y 



these are associated with Laplace's equation in toroidal coordinates, and sometimes called 
toroidal functions; see [29]. In particular, (/>o(a^) can be expressed in terms of Jacobi's 
complete elliptic integral of the first kind with modulus i sinh(a;/2). 

(ii) As in [27, page 390], the Mehler-Fock transform of order zero is 

/•CXD 

fW= / f{x)(px{x)smh.xdx {f E L^{smh.xdx)). (3.13) 

Jo 

One can compute the transforms of polynomials in sech {x/2) by contour integration. 
For example, one can adapt the formulae in [27] to obtain the array 

fix) /(A) 

sech (a:/2) (2/A)cosech (ttA) 

(sech(x/2))^ 8Acosech(7rA) 

(sech(x/2))^ (16/3)A^cosech(7rA) (3.14) 

in which the last two transforms are bounded and holomorphic on V^^i for all < < 
7r/2. Likewise, any positive even power (sech (a:/2))'^ transforms to a constant multiple of 
A'^-2sech(7rA). 

Corollary 3.4 Let (cos(tA))tgR be a cosine family on E such that \\cos{sA)\\b(e) < 
Kcosh{s/2) for some k and ah s > 0. Then there exists a hypergroup ([0, oo),*) with 
Laplace representation (2.10) such that / i—7> / is tie Mehler-Fock transform of order zero, 
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((^^(x))2;>o is a bounded family of operators, and for all f^g E L^((0, oo); sinhxrfx), the 
integral 

nOO 

TaH) = / (j)A{x)f{x)smh.xdx (3.15) 

Jo 

defines a bounded linear operator, such that Ta^J * g) = TA{f)TA{g)- 
Proof. Mehler [24] showed in (8b) of page 184 that 

-(j)x{x) - cothx(j)'x{x) = (A^ + (1/4))(/)a(x). (3.16) 

Trimeche [29] introduces a hypergroup structure on (0, oo) such that the (j)\ for {A G C : 
|^A| < 1/2} are bounded and multiphcative for this hypergroup, and he shows that the 
invariant measure and the Plancherel measure are supported on [0, oo), and satisfy 



2|r((l/ 4) + (iA/2))r((3/4) + ( a/2))p 
|r(zA/2)r(l + (iA/2))P 



m{x)dx = sinhxdx, MdX) = ' ^^^T^^wX. , '.A/n'ir ^X. (3.17) 



By a computation involving F functions, particularly the identity 

—zr{—z)r{z) = 7rcosec(7rz), 

one can reduce (3.17) to 7ro{dX) = Atanh(7rA)(iA, so the generalized Fourier transform 
/(A) = Jq f {x)(j)\{x)m{x)dx reduces to the Mehler-Fock transform of order zero. Note 
that A = z/2 gives the trivial character, which is not in the support of ttq. We now observe 
that ||0A(a;)||B(_E) ^ ^7 and hence the integral (3.15) is absolutely convergent. Given that 
the hypergroup convolution * exists, we can compute the convolution of f,g E L^{'m) by 
f*g{x) = Jq 4'\{-'^)fW9W^o{dX). As in Theorem 3. 2(iii), we deduce from this expression 
that TA{f*g)=TA{f)TA{g). 

4 Geometrical applications 

Example 4.1 Hyperbolic space Ti^ provides the basic example of a manifold on which the 

volume of balls grow exponentially with increasing radius, hence Ti^ is used in subsequent 

volume comparison estimates. As a model for Ti^ of dimension n > 2, we use the upper 

half-space 

n"" = {p = {u,t):ueW-\t>0} (4.1) 

with metric dp'^ = t~'^{dv? + dt^) and volume measure n^dp) = t~^dtdu. The Riemannian 
distance p{p, q) between p = (u, t) and q = {v, s) satisfies 

,i„h^p/2) = ll"-""^-;;^"-''\ (4.2) 
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and it is convenient to use p as the radius in a system of polar coordinates. 
The Laplace operator is 

^2^ "--1 q2 



A.^-^(||.E||)-("-)4 (-) 



where u = {uj)^Zi G R""" , and A is essentially self-adjoint on the dense core C^{'H^; C) 
in L^('H";|u). The Ricci curvature is constant — (n — 1), which is reflected in the lower 
bound of the spectrum [(n — 1)^/4, oo). For fixed q G "H", and g depending only upon 
p{pj q), we can write 

A^ = -9"{p) -{n- l)icothp)g\p). (4.4) 

Theorem 3.2 applies to this differential operator for all integers n > 2. For n = 2 we 
recognise (3.16). For n > 2, Lax and Phillips [8] observe that the Green's function G{p, q) 
of —k'^I + A on "H" is rotationally symmetric and satisfies G{p, q) = g{p) with p = p{p, q) 
for some g that satisfies 

-g"{p) -{n- l){cothp)g'{p) = {4-\n - 1)^ - e)g{p) (p > 0). (4.5) 

Let A^ be a complete Riemannian manifold of dimension n and metric p that has 
bounded geometry, so that the Ricci curvature is bounded below by — (n — 1)k and the 
injectivity radius is bounded below by some tq > 0. This means that the exponential map 
is injective on the tangent space above B{p, tq) = {q E Ai : p{q,p) < tq] for all p G M.] see 
[8]. For fixed p^ E M., ^^e can use p{p,Po) as the radius in a system of polar coordinates 
with centre po, noting that p is not differentiable on the cut locus. We assume that Ai is 
noncompact, so < p < oo. Let // be the Riemannian volume measure, let A{r; 9) the area 
element in polar coordinates on the complement of the cut locus of a normal ball B{po; r), 
and let A{r) = f A{r; 6)d6 be the surface area of B{po; r). 

The Laplace operator is essentially self-adjoint on C^{Ai; C) by Chernoff's theorem 
[10], so we can define functions of v^ via the spectral theorem in L'^{Ai; p). The following 
result gives conditions under which we can define T/-^{f) for suitable / via Theorem 3.2, 
and ensure that such operators are bounded on L'^{Ai; p). Let T^^{f) have kernel F{p, q) 
and let (p^r^ix) have kernel ^x{p,q) as integral operators on L'^{Ai;p). The following 
result extends ideas from Taylor's paper [28] and [9]. 

Theorem 4.2 (i) Suppose that A{r)/A'{r) increases to inSnity as r — )> oo. Then Theorem 
3.2 apphes to m{r) = p{B{po,r)) for ah p^ E M with 7 = (n — l)/2 and < ojq < 
{n-l)K/2. 
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(a) Suppose that i/j : (0, oo) — ?> (0, oo) is a continuous function such that 

'B{p-x) 

where for some k' > k 



( f (l$xb,?)|' + |$x(Q,p)P)Mrfg))' ' < ^(^) {peM;x>0) (4.6) 

^Jb(v:x) ^ 



oo 

e' 



3'^'^/2|/(x)|^(x)m(x) dx < cx). (4.7) 

Then T^^{f) defines a bounded hnear operator on L'^{Ai; y) for aU 1 < u < oo. 

Proof, (i) By the isoperimetric inequality, there exists s^ > such that 
A{x) > s_M?Ti(a:)*^"'~^^/", so by integrating this inequahty we obtain m{x) > {sMx)/'n)'^. 
Croke gave an estimate on the isoperimetric constant sm in terms of other geometric 
parameters, as in [8]. Hence m{r) has the required behaviour for Lemma 3.1(i) as r — ?> 0+. 

Let M^^n{r) = k~*-"~^-* J(r(sinh«:s)"'~^(is. Then by standard volume comparison esti- 
mates in section 4 of [8], the function ?Ti(r)/MK .„(r) decreases with increasing r > 0. By 
an elementary calculation, one shows that M'^ ^{r)/M^^ri{f) decreases monotonically with 
limit (n — 1)k as r — )■ oo. Since by hypothesis m' /A' is increasing, a standard application of 
the mean value theorem shows that m{r)/A{r) is also increasing, so m'{r)/m{r) is decreas- 
ing as r increases to infinity, hence m'{r)/m{r) — )■ 2u)o as r — ?■ oo, where < 2(jJo < (n — 1)k 
by the volume comparison estimates. 

(ii) We aim to verify Schur's condition 

sup / \F{p,q)\y{dq) + sup / \F{p, q)\y{dp) < oo, (4.8) 

pEM J M qeM J M 

which implies the result by standard theory of integral operators. By finite propagation 
speed, the distributional kernel of the operator (l)^j-^{x) is supported on the diagonal strip 
{{p, q) E M. ^ M. : p{p, q) < x}, so $x(P7 q) = whenever p(p, q) > x. Hence the definition 
(2.13) gives 

/■oo 

F{p,q)= / ^x{p,q)f{x)m{x)dx, (4.9) 

Jo 

which gives 

/■oo f 

F{p,q)\ij{dq)< / \^^{p,q)\ij{dq)\f{x)\m{x)dx (4.10) 

M Jo Jb{p;x) 



and so by the Cauchy-Schwarz inequality, we have 

1/2 

l*x(P,g)|Xrf?)J 
'M Jo ^JB{p;x) 
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\F{p,q)\ii{dq)< ( |$,(p,g)|V(rf9) lj{B{p;x))^/^\f{x)\mix)dx (4.11) 

Jo ^J B(p-x) ^ 



and by estimates on the volume growth, for each k' > k we have a constant C such that 

/ \F{p,q)\ij(dq)<C f e^'''/^ij{x)\f{x)\m{x)dx {p E M). (4.12) 

Jm Jm 

By repeating this argument with obvious adaptation for p interchanged with q, we obtain 
Schur's condition and hence the result. 

Example 4.3. Let m{x) = 2^ sinh x, so that wq = 1 and 7 = 1/2, and one can check 
that Q{x) = 0; thus the hypotheses of Lemma 3.1 are satisfied. We have 

, , sin Ax f^ cos At , ,^^^ /. .„n 

Asmhx y_^2smha; 

so that ip\ is a bounded multiplicative function for \'<sX\ < 1, and (/?±i is the trivial char- 
acter. The Plancherel measure is 



A_2 

47r" 



MdX) = —Iio,oo){X)dX. (4.14) 



This hypergroup can otherwise be obtained as a double coset space. The Lie group G = 
SL{2, C) has a maximal compact subgroup K = SU{2, C) such that K x K acts upon 
G via (/i, k) : g \-^ h~^gk for h,k E K and g E G, producing a space of orbits Gj jK = 
{KgK : g E G}. The double coset space Gj jK inherits the structure of a commutative 
hypergroup modelled on [0, 00), as in [22]. 

5. Fractional integration of cosine families 

In the Cauchy problem for the wave equation in dimension three, the solution can have 
one order of differentiability fewer than the initial data, due to the possible formation of 
caustics [9] . Hence it is natural to apply Riemann-Liouville fractional integration operators 
to the cosine families which address this possible loss of smoothness, and the order of the 
fractional integration required can depend directly upon the dimension. The operators 
that we require are described in the following lemma. 

Definition 5.1. The fractional integration operators VFq, and IJ ^ are defined on C°°(R) 
by 

W^a/(x) = — — — - / (coshx — cosht)""^ sinht /(t) (it, 

r(a) Jo 

Upfix) = f^ / (coshx - cosht)'3-V(t) dt, (5.1) 

where a and /3 are the orders of Wa and Uf^, such that 3f?Q; > and $R/3 > 0. 
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Lemma 5.2 (i) Let Df = f . Then the operators satisfy 

WJVp = W^+,3, WJJp = Uc^+p, cosechxDWi = I, DUi = I. (5.2) 

(a) For z/ G Z such that u > and A G R, the associated Legendre function satisfies 

U^+i/2{cos{xX)) = W^— —^^^—^^-—- (sinha;)^P/;_ 1/2 (cosh x), (5.3) 

d 
W^_i/2{cos{xX)) = ■^U^+i/2{cos{xX)) (y G N). (5.4) 

Proof, (i) This is essentiaUy contained in the statement and proof of Lemma 5.2 of [23]. 
See also Theorem 5.2 of [29]. 

(ii) The first is known as the Mehler-Dirichlet formula [27] page 373, from which we obtain 
the second by differentiating. 

In particular, the trigonometric and Legendre functions of Definition 3.3 are thus 
related by 

</'A(a^) = J-t/i/2(cosAa:), cos Ax = -^W -W^i/2(^A(a^))- (5.5) 

For operator families, we have the following theorem. 

Theorem 5.3 Suppose that {cos{tA))teii is a densely defined cosine family on E. 

(i) Suppose that {cos{tA))teii is strongly continuous and there exists M > such that 
II cos{tA)\\B(E) ^ Mcosh(t/2) for all t G R. Then {Ui/2{cos{tA)))teR is a bounded family 
of operators. 

(ii) More generally, suppose that I + A"^ is invertible and there exist Mq > and 
1 > Wo > such that 

\\{I + A^)-^cos{tA)\\B(E)<Mocosh{ujot) (t>0), (5.6) 

and {tA)~'^ sm(tA) is a bounded family of operators for < t < R for some R > 0. Then 
Wk{costA) is a bounded operator on E for all t > and integers k > 1, and there exist 
Mfc, Uk > such that 

\\Wk{cositA))\\B(E)<MkCosh{ukt) (tGR). (5.7) 

Moreover, for all ui > uii and 9 > there is a bounded functional calculus map Aa '■ 
H^'^Ve,o.) ^ B{E) given by 

AA-.f^ f{A) = ^ [ cos{tA)J^f{t) dt. (5.8) 
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(in) Suppose that (5.7) holds for some /c G N, and A has spectrum contained in V^,t^fc, 
for some (/) > and that there exists M > and s > 1 such that \\{(I + A)~^\\b(e) ^ M 
for ah C, on the boundary of Vstp^suk- Then there is a bounded functional calculus map 

Aa : H^^^'^+HVs2^,s^^J ^ B{E). 

Proof, (i) In the notation of Corollary 3.4, we have (pAit) = Ui/2{cos{tA)), whence the 
result. 

(ii) By standard results about cosine families, the hypotheses of (i) imply those of (ii). 
By integration by parts, we obtain 

Wi{cos{tA)) = {I + A^)-^ {cos{tA) cosht - I + Asm{tA) sinht) , (5.9) 

so Wi{cos{tA)) is the sum of operators which are themselves bounded. Next we establish 
the bound 

WWAco^imU,, < #£(^^„sh(.„*) (* e R). (5,10) 



sinh''t - T{uJo + n + l 

By Lemma 5.2, we have 

M /"* 

Wn(Mocosh.(uJot)) = — / (cosh t — cosh s)"""^ sinhscoshfwo'S) '^'S- (5-11) 

(n-l)! Jo 

Recall that < wq < 1. Then by substituting cosht = 1 + ^ and coshs = 1 + ?], we obtain 
an upper bound on (5.11) of the form 

W^(Mocosh(a;ot)) < -^%- f {^-vT-'r^^dv 

[n-iy. Jo 



Mo^uo + 1) ,,+^„ 



T{n + uo + l) 
where ^"' < sinh"^ t and ^'^" < (1 + o(l)) cosh(a;ot) as t — )■ oo. Hence we obtain (5.7) from 

\\Wr.{cos{tA))\\BiE) < ^olX^o + 1) (gi^h" t cosh(a;ot)) (1 + 0(1)) (t^oo). (5.13) 

1 (n + Wo + 1) 

Let R> and choose (po and ^pi G C°°(R) such that < ipo^^pi < 1, 'p{x) +(pi{x) = 1 
for all X > 0, (/7o is supported on (— l,i?+ 1) and Lpi is supported on (i?, oo). We then 
decompose the integral in (5.8) as 

fiA) = [ ^' MOJ'fiO oosiCA) ^+ r v^i (0-^/(0 cos(^A) ^. (5.14) 

Jo ^ Jr tt 

The first integral is 

19 



where sin(^A)/(^A) gives a uniformly bounded family of operators on E for < ^ < R, 
and by Plancherel's formula 



R+l 



C 



H ^ , / /"°° \ 1/2 



^^(v'olOAO) d^<CR'/^ I {x^\nx)\^ + \f{x)\^)dx 



2 



^ 1/2/ /""^ '-' ^ H-.l(V,„) \l/2 ^ ^ 

<CR^/^i — ^^^^^dx) 5.16 

\J-^ 1 + x^ ) 



since x'^\f' {x)\ + |x/(x)| < C||/||//oo,i(Ve ^) by Cauchy's estimates and hypotheses on /. 
By Cauchy's theorem and a simple integration by parts, we obtain the formula 

rR -wi /-oo 

J^/(0 = hm / /(x)e-*^^rfx = — ^ / f'{x-iu)e-'''^dx (^ > 0), (5.17) 

and a corresponding formula for ^ < 0, where the final integral converges absolutely by 
Cauchy's estimates. We still obtain a convergent integral if we differentiate both sides 2i 
times with respect to ^, as we now use to advantage. 
By integrating by parts we have 

V^i(0^/(Ocos(eA)rf^ 

R 

d^\i 



poo rP \i 

In V^J {:PiiOJ'f{0)iI + A)-'cos{^A)dt (5.18) 



where the integrand is continuous in the strong operator topology and the integral is 
absolutely norm convergent by the estimates (5.6) and (5.16). 

(iii) The hypotheses refer to Wk, where the range of Wk is contained in an auxiliary 
algebra of functions which is defined on the Fourier transform side. Let ui' > and let 
k eN. Then 

A2k,co' = {geC^''{K) : |^(^)(x)|e"''l^l < C^- , Vx G R, for some Cj,j = 0,...,2k} (5.19) 

is an algebra under pointwise multiplication. Note also that 

^2fc,c.' = {9^ A2k,u' : 9^'^ (0) = 0, J = 0, . . . , 2A;} (5.20) 

is a subalgebra under pointwise multiplication. Given Uk < uj' < u, the Fourier transform 
maps if°°'^''+^(E^) -)> A2k,uj', so there exist Cj{u') such that 

-^,^fif) <C,{J)\\f\Ue--' (t>0;j = 0,l,...). (5.21) 



dP 
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Let Dsg{t) = {d/dt){g{t)cosecht). Suppose that / G if°°'2'=+2(E^) satisfies 

/oo 
x^f{x)dx = (j = 0, ...,2/c); (5.22) 

-CXD 

then we observe that J-'f G ^2fc cj' ^'^'^ "^^ deduce that DiJ^f{t) is bounded in a neigh- 
bourhood of t = for all J = 0, ... , 2k. Indeed one can prove by induction that for integers 
< J < ^ there exist polynomials pj/ in two indeterminates such that 

1 ^ 
^iait) = ,2i y,PjAcosht,smht)smytg^'\ty, (5.23) 

sinh t n 

hence, by the general mean value theorem and the choice of (7 g ^2A; cj'' ^^® function D^g{t) 
is bounded in a neighbourhood of t = 0. 

To deal with large t, we use a similar identity. By induction one can prove that for all 
integers < j < n, there exist polynomials qj^n in two indeterminates, with total degree 
less than or equal to n, such that 

1 '^ 
^?^W = -^2^^y,qjA^os\vt,sin\vt)g^^\t). (5.24) 

smh t ^ 

Hence cosh(wfct) sinh'' tD^+'=J^/(t) G Li(0, 00) for some n = 0, 1, 2, . . .. For /i G C(0, cx)) 
and (7 G C°°(5, L) with < 5 < L < 00, we obtain by integration by parts the formula 

/•CXD I'OO 

/ (7(t)/i(t) rft = (-1)"+" / D:+''g{t)Wr,+k{h){t) dt, (5.25) 

Jo Jo 

so in particular we have 

1^^ Tf{t) cos(M) dt = (-1)-+'= ^^^ (sinh- t)D:+'^ {Tf) (t) ^^^^.^'^Tf^^^ dt, (5.26) 

where the integral is absolutely convergent, hence defines a bounded linear operator f{A). 
Finally we extend the functional calculus to all of -ff°°'^'^''~^(K20,s2cjfe) by adding on 
a complementary subspace of rational functions, as suggested by Theorem 2.5 of [1]. Let 
/ G H°°''^^~^'^{Vs2(p^s'2LJk)- Then by Cauchy's integral formula with A G V^^^jfe, we have the 
identity 

1 f {z-if^+^f{z)dz 1 [ {z + if^+^f{z)dz 



j_ r {z-iy^^'f{z)dz 1 r 

^^ > 27rz L (A-z)2^+i(A-^) 27rzyv 



27rz ivv (A - z)2^+HA - 2) 27rz i^_ (A + z)2fc+i(A - z) 

.^J_ f {z-zyf{z)dz ^ 1 /- (^ + z)^7(z)rf^ 

^ ^^ 2vrz 7^^ (A - ^y+^ j^^ 27rz ^_ (A + z)^+i ' ^ ' ^ 
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where V+ is the curve made of the ray suk{— cot S(^ + z) + te~'^^^ for — oo < t < foUowed 
by [suk{— cot s(f) + i), sukicot scj) + i)] and foUowed by the ray sa;fc(cot scj) + i) + te^^^ for 
< t < oo along the top boundary of Vs(f>^suj^, and V- is the bottom boundary of K,<^,stjfe, 
obtained by reflecting V+ in the origin. For even /, this reduces to the identity 

fW = W-[ (7-. ^^JITTT^ V + 7^ ^^ITTT^ v) (^ " if^^^f{z)dz 

^' 2711 jy^\{\-iY^+^{\- z) (A + 2)2fc+i(A + z)/^ ' ^' 

^ ^4^ 27rz ]_^ (A - z)^+i ^4^ 2m J_^ (A + z)^+i ^ ' ^ 

by Cauchy's Theorem. This expresses the decomposition of / into the sum of a rational 
function with poles at ±i of order less than or equal to 2k + 1, plus a function as in (5.22). 
Observe that for zonV^, 

/I( (A - .r-^X - .) + (A + iAi^ + ^) )''''' ^ ° = 0. ■■■.2*) (5.29) 

by Cauchy's theorem, and that the term in parentheses is an even function of A. Further- 
more, if / is as in (5.22), then the integrals in the sums in (5.28) are all zero. Hence we can 
define f{A) for any / G H°^''^^^^{'E^^) consistently by replacing A by A in (5.28). Observe 
that {zl - A)-^C = z-^C + z-\zl - A)-^AC, and hence \\{zl - A)-^C\\ = 0{l/\z\) as 
1^1 — 7> 00 along the boundary of Vsef,,siUk ^^ ^^^ ^ ^^ ^^e dense domain of A, so the integrals 
are absolutely convergent for such ^ and define bounded linear operators by the preceding 
discussion. Hence the algebra homomorphism / 1— )■ f{A) is bounded, and consistent with 
the functional calculus for rational functions that are holomorphic on V^s2^ ^2^^. 



_2 



Remark 5.4 (i) Let f{z) = H2u{z)e~^ , where z/ = /c + 2, /c + 3, . . . and H2U is the Hermite 
polynomial of degree 2z/. Then / satisfies (5.22) for < </> < 7r/4 and all < a; < 00. 

(ii) To compare the conclusions of Theorem 5.3 with the results of [8] and [28], we 
note that 

{/Gii"°°(E^) : {l + xy/'^\f^^\x)\ <Cj! (sin (/))■'■ Vx G R, j = 0, 1, 2, . . . ; for some C} 

(5.30) 
is a subset of if °°(V^^(^). 

Hyperbolic space 'W^^ gives a significant example of Theorem 5.3(iii) in which the 
order of fractional integration k and the exponent of growth u > Uk depends directly 
upon the dimension of the underlying manifold. While this result is essentially known, we 
include a proof for completeness. 
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Proposition 5.5 The operator VF^/2(costvA) is bounded on L'^iT-i^^^) for all u > 1 and 

vjiy — 1) < p < oo, and there exists K,{i^,p) > such that 



(5.31) 

Proof. For fixed w = (u^v) G "H^^^, the hyperboUc distance to z = (x,y) G 'H'^'^^ is p 
as in Example 4.1. Hence ttie tiyperbolic sptiere {{x,y) : p{{x,y), {u,v)) = t} is also the 
EucUdean sphere with centre {u,vcosht) and radius t^sinht. Let at be the measure on 
this sphere induced by p. Let u be even. Then for any smooth and compactly supported 
function / : 'H^"'"^ — )> R, the spherically symmetric function 

F{z, t) = /^!^#^^r^^/^ / fMatidw) (5.32) 

27r(^+i)/^smht Jp(z,w)=t 

satisfies the Cauchy problem for the wave equation 
and the initial conditions 



AF (5.33) 



F(z,0) = 0, ^(^,0) = /(z), (5.34) 



so that F{z,t) = (sin(tVA)/VA)/(2), or F{z,t) = Ui{cos tV A) f{z). See [9] page 296 for 
explicit formulas relating the hyperbolic and Euclidean wave equation. By the strict form 
of Huygens's principle, the solution F{z, t) depends only upon the values of / in thin shell 
surrounding the sphere of radius t with centre z. The spherical average operator is 

^*^(^) = 9 [i+^)/t/^^wv / fH^tidw). (5.35) 

As in Lemmas 5.2 and 5.3 of [23], we have 

W,/2{costVA)f = (sinht)Mt/. (5.36) 

Nevo and Stein [25] considered spherical maximal functions 

M*f{z) = snp\Atf{z)\ (5.37) 

t>o 
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for simple Lie groups of real rank one, and lonescu [21] refined their results to show that M* 
is bounded on Lp{W+^) -^ Lp{'H''+^) for all u/{u -1) <p<oo. Hence for k > {u - 2)/2, 
the operator 



W.{^) (5.38) 



is bounded on L'^iW'^^) — )■ L'^iW'^^) for 2 < p < oo and has a kernel that is supported 
on {{x,y) G "H^"*"^ x W^^ : p{x,y) < t}. The calculation for odd z/ is similar. 



Remarks 5.6(i) One can continue this analysis and show that v A satisfies (iii) of Theorem 
5.3. 

(ii) Suppose momentarily that we strengthen (iii) of Theorem 5.3 slightly, so that A is a 
densely defined operator in E with spectrum contained in E^^q and || {tl±.iul + A)~'^\\b{e) ^ 
l/(a; — uq) for all t G R and u > uiq- Then by a classical result of Hille and Bade, [1, 
Theorem 5.1], iA generates a strongly continuous group (e'*'^)tgR such that ||e**'^||5(£;) < 
Q^o\t\ £qj, g^^^ t G R. So in the next section, we work with groups of operators on E. See 
also [5,6, 18]. 

6. Transference of Marcinkiev^^icz multipliers 

When E satisfies certain special geometrical properties, we can improve upon Theorem 
4.3 by replacing ii/'°°(V6»,cj) by an algebra of Fourier multipliers. The idea is to replace the 
condition of holomorphy by assumptions about the variation of functions. 

Definition 6.1. Suppose that 1 < s < oo and that /i : R — )■ C. Then 
(i) h has finite s-variation over a bounded interval J if 

n — 1 , , 

var,(/i; J) = sup{ (j^ l^(^^+i) " ^(^^Ol') ' I ^ J, 6 < 6 < • • • < ^n} (6.1) 

is finite, where the supremum is over all finite partitions. 

(ii) /i is a s-Marcinkiewicz multiplier if h is bounded and has uniformly bounded s 
variation over all the dyadic intervals mV = {[2-^, 2-^"'"^), (—2-^"'"^, —2^];j G Z}. 

The set M^ of all s-Marcinkiewicz multipliers forms a Banach algebra under pointwise 
multiplication and norm 

II^IIm = sup |/i(x)| + sup var^f/i; J). (6-2) 

xen. Jev 

This terminology alludes to the Fourier multiplier / i— ?> J-'~^{hJ-'f) given by h, as in [12]. 
Here vari(/i; J) gives the standard notion of variation, and s i— )■ vars(/i; J) is a decreasing 
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function, so Mi C M^ C L°° for s > 1. We also introduce the algebra M^ = M^ nL^(0, cx)) 
with the norm \\h\\y^2 = ||/i||l2(o,oo) + II^IIm,- 

Let E = L^{Ai; Fq) where Fq is a finite-dimensional complex vector space over a 
manifold Ai. Suppose further that (e**"^)t6R is a Cq group of operators on E such that 



\\e'n\BiE)<Kpe^'\'\ (ten) (6.3) 

for some Up > and Kp > 0; see [26]. 

Theorem 6.2 Let 1 < p < oo, Up < ui and let s e [1,2] satisfy \{l/p) - (1/2) | < 1/s. 
Suppose that g G L'^{dX) and g G M^. Then 

, , 2 f^ cos(Aa;) ^,- , ,, ,^ ^, 

9{x) = - / \-^g{X)dX (6.4) 

7r Jo coshx 

has g G L^(cosh xdx) and 

^A/U9) = - f cos{tA/u)g{t)dt (6.5) 

defines a bounded linear operator on E such that 

\\AA/U9)\\B(E)<K{E,u)\\g\\y^^ (6.6) 

for some K{E,u) < oo. Thus g i— )■ A^/^((7) gives a bounded functional calculus map 
Ml^B{E). 

Proof. The Banach space E belongs to the class X introduced by Berkson and Gillespie in 
[3]. There exist a Hilbert space Eq, a unconditional martingale difference (UMD) Banach 
space El and < ^ < 1 such that E is linearly homeomorphic to Calderon's complex 
interpolation space [Eq, Ei\q. Let E' be the dual space of E and note that E is reflexive. 
Suppose that 2 < p < oo; the case of 1 < p < 2 follows by considering dual spaces. 
Let R^ : h{t) i— ?> h{t — ^) be the operator of translation on -L^(R; E) and extend this to the 
convolution operator R{k) = f_ k{^)R^d$, given by 



R{k):h{t)^ k{^)h{t-^)d^ {heLP{Ii;E)). (6.7) 

J — oo 

Evidently R{k) is a bounded linear operator on Lp(R; E) for all k G L^(R), and we seek to 
extend this to a larger set of k by imposing conditions upon J^{k){x) = f_ e~'^^^k[^)d^. 
Suppose that J^{k) belongs to M^ for some 1 < s < 2p/(p — 2); then by the multiplier 
theorem of [20], J^{k) gives a bounded Fourier multiplier / \-^ J^~^{J^{k)J^f) from L^(R) — )■ 
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L^(R) and hence by Fubini's theorem from Lp(R;Lp{M)) — )■ Lp (R; Lp (M)) and hence 
L^(R; E) — )■ LP{H; E). By the Plancherel theorem for the cosh hypergroup Z of Example 
2.2, we have g G L^(cosh x) for g G L'^{dX). 

Hence we obtain a bounded convolution operator R(k) : LP{Ii;E) — )■ LP{Ii;E) in 
the case /c(t) = g{\t\) cosht, where J-'k{X) = 2g(X). Given g G Ms we introduce the 
indicator function I(o,r) of (0, r) and gr{X) = I(o,r)(-^)^(-^) such that c/r G M^, c/r G L'^{dX). 
Indeed, letting {rj)°^i be an increasing sequence such that g{x) is the almost sure limit 
of the {2/tv) f^^ cos xXg{X)dX/ cosh X, we deduce from Lemma 2.1 of [3] that there is a 
bounded Fourier multiplier defined as ^ = limrj^.oo (jrj, which we can transfer to a bounded 
linear operator on E. There is a group representation of R as operators on E given by 
t ^ (,-ttA/u: ^^^Yi that ||e-^*^/'^||B(E) < K cosh{tUp/uj). By Haase's [18] form of the 
transference theorem for group representations 

/•CO 

Tgr^ (A/u) = 2 / gr^ (t) cos{tA/uj) dt (6.8) 

Jo 

defines a bounded linear operator on E such that 

WJ^giA/unsiE) < K^Kip)\\R{k)\\L,^n;E) < K^Kip,E,s)\\J'k\\u^ (6.9) 

where K{p) and K{j>^E,s) are constants independent of k. We then define h-A/ujid) as 
the weak limit of the bounded family of operators ^A/uj{9r) as r — > oo. By the Eberlein- 
Smulian theorem, every bounded sequence in E has a weakly convergent subsequence. So 
we can select a countable dense subset (^j)°^i C E and a countable dense subset {rjj)'^^ C 
£", then choose a diagonal subsequence (r^)^i such that {^A/Lj9riCjjVk) converges as 
r£ — )> oo for all j, k. 
We observe that 

^A/ioig) =TA/uj{9{x)/coshx), (6.10) 

where T/i/t^ is the operator involved in Theorem 2.5, hence the operator product 
^A/cv{9)^A/u{h) arises from the convolution in Z of g{x)/ coshx and h{x)/ coshx. We 
deduce that A^/^ is a functional calculus map. 
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